We give two alternative proofs leading to di erent generalizations of the following theorem of 1]. Given n convex sets in the plane, such that the boundaries of each pair of sets cross at most twice, then the boundary of their union consists of at most 6n 12 arcs. (An arc is a connected piece of the boundary of one of the sets.) In the generalizations we allow pairs of boundaries to cross more than twice.
Introduction
Let C be a collection of n 3 non-degenerate convex sets (bodies) in the plane, any two of which have at most a nite number of boundary points in common. We also assume, for simplicity, that no two boundary curves are tangent to each other, and no three pass through the same point. If two members of C have exactly two boundary points in common, then these points are called regular vertices of the arrangement A(C). All other intersection points of the boundary curves are said to be irregular.
Let U = C denote the union of all members of C. Let R and I denote the set of regular and irregular vertices of A(C), respectively, lying on @U , the boundary of U . Further, put V = R I. Clearly, jV j is equal to the number of arcs that compose @U .
It was shown in 1] that if any two members of C have at most two boundary points in common (i.e., if there are no irregular vertices), then jRj = jV j 6n 12. In Section 2 of this note, we generalize this result as follows.
Theorem 1 With the above notation, for any collection of n 3 convex sets in the plane, we have intersect in at most k points, and the interior of no curve disconnects the interior of another. Clearly, we can restrict our attention to the case when k is even. In Section 3, we give a new proof of the following result of 4], which provides yet another generalization of the above mentioned theorem of 1].
Theorem 2 The number of vertices on the boundary of the union of the interiors of n Jordan curves that form a k-admissible family, is at most k(3n 6).
Proof of Theorem 1
First we need some preparation. Let be an oriented continuous curve in the plane. If at some point w of , there is no unique tangent line, then w is called a breakpoint. We say that is piecewise smooth, if it has nitely many breakpoints, and every piece of between two consecutive breakpoints is di erentiable (including at its endpoints).
De ne the total turning angle ( ) of a piecewise smooth, oriented curve , as follows. If necessary, subdivide into smaller di erentiable oriented arcs 1 ; : : :; m , such that each i is smooth and any two tangents to the same arc i , oriented according to the orientation of the curve, di er in their orientations by less than . Let < ( i ) < + be the smaller angle from the tangent vector at the starting point of i to the tangent vector at the endpoint of i , taken with positive sign if the change is counter-clockwise and with negative sign otherwise. At each point w i separating two pieces, i and i+1 , let (w i ) be the smaller angle from the tangent to i at w i to the tangent to i+1 at w i , with positive sign if and only if it is counter-clockwise. If w i is not a breakpoint, then, by construction, (w i ) = 0. Finally, let the total turning angle ( ) be de ned as the sum of ( i ) over all pieces i plus the sum of (w i ) over all vertices w i . Evidently, this de nition of the turning angle is independent of the particular subdivision of . ( i ) and (w i ) are called, respectively, the turning angle of along the arc i and at the point w i .
The following lemma summarizes the elementary properties of the total turning angle. We omit the trivial proof.
Lemma 3 Let be a piecewise smooth, oriented curve in the plane with total turning angle ( ). We refer to the last equality as the additivity property of the total turning angle. Now we turn to the proof of Theorem 1. We can assume without loss of generality that every member of C is bounded and its boundary is smooth. It is su cient to establish the theorem in the case when U = C is connected; otherwise, arguing for each component of U separately, we obtain the stronger inequality jRj 2jIj + 6n 12k 3 10k 2 6k 1 , where
is the number of connected components of U formed by one (resp. two, at least three) sets of C.
A connected component H of the complement of U is called a hole. Let V (H) denote the set of vertices along the boundary of a hole H. These vertices divide the boundary of H into jV (H)j arcs, which form a set denoted by (H). The set of all arcs composing @U will be denoted by ext = H (H). Note that every bounded hole has at least three vertices.
The unique unbounded hole may have fewer vertices (zero or two), but then jV j 2. We may therefore assume that every hole has at least three vertices, so the number of holes is at most jV j=3.
Orient the boundary of every c 2 C in the counter-clockwise direction. Accordingly, every (unit) tangent vector to c will be oriented so that c lies on its left-hand side. 
It is easy to see that Lemma 4 implies Theorem 1. Indeed, the right-hand side of (2) C whose boundary contains i , for i = 1; : : :; k. We traverse from v 0 , and consider the tangents to , oriented in accordance with the orientation of (so that the sets they are tangent to lie on their left). By construction, as we follow these tangents, they keep turning in the counter-clockwise (positive) direction, and this also holds at each vertex of . See Figure ? ?. Since at each internal vertex of , the turning angle is between and + , we have that the total turning angle of is at least k .
We now add these inequalities, over all cycles and paths composing R , and obtain (3) Suppose that any two members of C have at most s (a constant number) of boundary points in common. How large can jRj be? One can show that, even for s = 4, the maximum possible value of jRj can be (n 4=3 ). To see this, take a set P of n points and a set L of n lines, so that there are (n 4=3 ) incidences between P and L (see 3, Chap. 11]). Replace each point in P by a disk of radius , for some su ciently small > 0, and replace each line`2 L by a long rectangle whose width is and whose long bottom edge is parallel to`, lying above`, and at distance 0 < from it. One can show that, for an appropriate choice of and 0 , the number of intersections between any disk and any rectangle is at most two, that each incidence between a point of P and a line of L corresponds to an intersecting pair of a disk and a rectangle, and that each intersection point between such a pair lies on the boundary of the union. Hence, we have a collection of 2n disks and rectangles satisfying jRj = (n 4=3 ). Is this construction asymptotically best possible? (4) It is not hard to see that the coe cient 2 of the term jIj in Theorem 1 cannot be replaced by any smaller constant. To see this, take n copies of a regular n-gon, slightly rotated around their common center, and, for each original vertex, clip the batch of its copies with a small rectangle. This creates roughly 2n 2 regular vertices on the boundary of the union of the resulting collection of 2n convex sets. On the other hand, jIj is about n 2 .
Proof of Theorem 2
Assume without loss of generality that every curve c has a point p c that belongs to the boundary of U , the union of the interiors of all family members. Let q be one of the (at most k) intersection points of two curves, c and c 0 . Connect p c to p c 0 by an arc (`edge'), going rst from p c to q in clockwise direction around c, and then following the boundary of c 0 in counterclockwise direction to p c 0 . For each pair c; c 0 of family members that contribute an intersection point q to the boundary of U , construct such an edge that connects p c to p c 0 via q, but do this for only one such point q. The two pieces an edge consists of are called half-edges. It is easy to show that any two half-edges not incident to the same point p c intersect an even number of times. Thus, these edges form a graph drawing with the property that any two edges not incident to the same vertex p c intersect an even number of times. This implies that the underlying graph is planar (see 2, Cor. 3.1], and, since it has no multiple edges, the number of its edges is at most 3n 6. The total number of vertices along the boundary of U is obviously at most k times larger than that. 2
